Technical Coefficients in Continuum Models of an Anisotropic Tensegrity Module  by Sabouni-Zawadzka, Anna Al & Gilewski, Wojciech
 Procedia Engineering  111 ( 2015 )  871 – 876 
Available online at www.sciencedirect.com
1877-7058 © 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of organizing committee of the XXIV R-S-P seminar, Theoretical Foundation of Civil Engineering (24RSP)
doi: 10.1016/j.proeng.2015.07.161 
ScienceDirect
XXIV R-S-P seminar, Theoretical Foundation of Civil Engineering (24RSP) (TFoCE 2015) 
Technical coefficients in continuum models of an anisotropic 
tensegrity module 
Anna Al Sabouni-Zawadzkaa, Wojciech Gilewskia* 
aWarsaw University of Technology, Faculty of Civil Engineering, Al. Armii Ludowej 16, 00-637 Warsaw, Poland 
 
Abstract 
The presents paper focuses on the application of continuum models for an anisotropic tensegrity module and the determination of 
its technical coefficients. Tensegrities are cable-strut systems with a special node configuration, which ensures the occurrence of 
infinitesimal mechanisms balanced with self-stress states.  The continuum model of the module is built by assuming that the 
strain energy of the unsupported tensegrity structure is equivalent to the strain energy of the cube. After the proper validation, the 
proposed model can be used to determine and interpret physical properties of the module. From the obtained elasticity matrix and 
the inverse matrix, the technical coefficients such as: Young’s moduli, Poisson’s ratios and shear moduli can be computed. 
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1. Introduction 
The term “tensegrity” was first introduced by Buckminster Fuller (see [5] for historical details). Several 
definitions of this concept can be found in the literature [4]. For the purpose of this paper, a tensegrity structure is 
defined as a pin-jointed system with a particular configuration of cables and struts that form a statically 
indeterminate structure in a stable equilibrium. Tensegrities consist of a discontinuous set of compressed elements 
inside a continuous set of tensioned members, which have no compressive stiffness. Infinitesimal mechanisms, that 
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occur in tensegrity structures, are balanced with self-stress states. To the major advantages of tensegrity systems 
belong: large stiffness-to-mass ratio, deployability, reliability and controllability [4,5]. 
The continuum model of tensegrity modules should enable to: 
x estimate properties of the module with typical deformation modes (tension, shear), 
x evaluate the influence of self-stress for the defined deformation, 
x evaluate the influence of cables and struts for the properties of the module, 
x compare the elastic properties of typical tensegrity modules, 
x determine the technical coefficients, 
x find a physical interpretation for the technical coefficients. 
2. Continuum model of an anisotropic tensegrity module 
Discrete models of tensegrity modules are mathematically described with the use of the Finite Element Method 
[6]. The strain energy is a quadratic form of nodal displacements q: 
KqqTFEMsE 2
1    (1) 
with the global linear and geometric stiffness matrix K=KL+KG as a kernel. The self-stress of the module 
(proportional to the tension force S) is represented by the geometric stiffness matrix. 
In order to build a continuum model of tensegrity modules, the symmetric linear 3D elasticity theory is 
considered. According to this theory, the strain energy can be expressed as: 
dVE
V
TLES
s ³ Eεε2
1    (2) 
where: ε – the strain vector, E – the elasticity matrix.  
 
In the proposed concept it is assumed that the strain energy of the unsupported tensegrity structure is equivalent 
to the strain energy of the cube of edge length a (Fig. 1). 
 
  
Fig. 1. Tensegrity and continuum. 
 
To compare the energies and build the equivalent matrix E, the nodal displacements are expressed by the average 
mid-values of displacements and their derivatives with the use of Taylor series expansion. Coordinates of nodal 
points {αxi·a, αyi·a, αzi·a} are expressed in Taylor series by the edge length a with the increments: Δx = αxi·a, Δy = 
αyi·a, Δz = αzi·a. 
Tensegrity structures are complicated regarding both their geometry and mechanics. In order to understand their 
properties and identify technical coefficients, a continuum model is suggested. The continuum model of the 
orthotropic tensegrity module – an expanded octahedron – was built by assuming that the strain energy of the 
unsupported tensegrity structure is equivalent to the strain energy of the cube. After the proper validation, the 
proposed model was used to determine and interpret physical properties of the module. From the obtained elasticity 
matrix and the inverse matrix, the technical coefficients such as: Young’s moduli, Poisson’s ratios and shear moduli 
were computed.  
Similar analyses will be performed for other types of symmetry and for anisotropic systems. 
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3. General formulation of physical relations in Voight notation 
The obtained elasticity tensor can be expressed in Voight’s form d=[dij] i,j=1,2,…6. There are 21 independent 
coefficients for anisotropy.  
 
Stresses, strains and physical relations: 
^ ` ^ ` deses    ,,,,,,,,,,,, 654321654321 eeeeeessssss   (3) 
Elasticity matrix – anisotropy – 21 coefficients: 
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The example presented in this study concerns a continuum model of the anisotropic tensegrity module – a 4-strut 
simplex inscribed into a cube of edge length a (Fig. 2).  
 
 
Fig. 2. 4-strut simplex inscribed into a cube. 
 
After the process described in the previous chapter the following equivalent elasticity matrix for the tensegrity 
was obtained: 
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with the coefficients on the parameters related to the physical properties and the self-stress of the module: 
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where:   strut
cable
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k  ,   EAEA strut  , EA
S V . 
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4. Technical coefficients 
In general the following technical coefficients can be considered for anisotropic media: 
x Young’s modulus – E: proportionality of stresses and normal strains, 
x shear modulus – G: proportionality of shear stresses and shear strains, 
x Poisson’s ratio – ν: relation between normal strains in perpendicular directions, 
x coefficient – μ: relation between shear strains in perpendicular directions, 
x coefficient – λ: relation between normal strains in three directions and shear strains in the selected direction, 
x coefficient – κ: relation between shear strains in three directions and normal strains in the selected direction. 
In order to determine technical coefficients of the module, several operations have to be performed. Shear 
moduli, Young’s moduli, Poisson’s ratios and two other modules can be determined from the components of the 
inverse elasticity matrix d-1.  
For the 4-strut simplex tensegrity module the requested matrix has the following form: 
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The following 10 technical (7 different) coefficients can be defined: 1111311321122131 ,,,,,,,,, NOQQQQGGEE  
with symmetry conditions: 
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After symbolic calculations with the use of the Mathematica software it is possible to obtain the technical 
coefficients in the form: 
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5. Limitation conditions for the technical coefficients 
Matrices d and d-1 must be positive definite, so that the elastic strain energy is non-negative definite. The strain 
energy is equal to zero only when there are no deformations. If the deformations appear, the strain energy has to be 
positive. In case of the positive definite matrices, their principal minors are positive. It should be noticed that 
changes in the order of rows and columns do not change the positive definition of the matrix. Therefore, more than 6 
conditions limiting the technical coefficients can be formulated: 
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The last two conditions are global and come from the positive determinants of the submatrices 3x3 and 4x4. 
Selected technical coefficients depend on the cable to strut ratio k and the effect of self-stress σ are presented in Fig. 
3-4 with the limitation conditions included. 
 
a)     b)  
 
Fig. 3. Young’s and shear moduli multiplied by
2a
EA  factor with the limitation conditions: a) E1, b) G1. 
 
     
 
Fig. 4. Product of Poisson’s ratios ν12  and ν21 with the limitation condition: ν12 ν21 < 1. 
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The most interesting graphs were obtained for the global limitation conditions (Fig. 5-6 ). 
 
     
 
Fig. 5. Condition coming from the positive determinants of the submatrix 3x3. 
 
  
     
 
Fig. 6. Condition coming from the positive determinants of the submatrix 4x4. 
 
The above graphs of technical coefficients as well as the limitation conditions differ, taking into account both the 
character of the graph and the limiting values. Following these graphs it is possible to define a range of the cable to 
strut ratio k and the self-stress ratio σ for the correctly defined tensegrity module. The condition resulting from the 
positive determinants of the submatrix 3x3 turned out to be the strictest one.  
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